
Research in Science, Technology and Economics 
 

625 

ellipse - apofocus, perifocus, major and minor semiaxes, eccentricity (ellipticity), 
semifocus distances, and formulas reflecting the relationship between them, as well as 
their proof. The article is of interest to those involved in mathematics, engineering, and 
astronomy. The relationship between an ellipse and its elements can be used in the 
study of celestial bodies whose trajectory is in the form of an ellipse, in their theoretical 
substantiation, and in solving practical problems. 

Keywords: ellipse, canonical equation, perifocus, apofocus, focal point, focal 
length, semimajor axis, semiminor axis. 
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The graphical implementation of such operations has already been well studied 
and described [1]. But computer processing of information involves its digital 
representation in matrix form. Algebraic matrix apparatus is also widely represented in 
mathematical research [2]. Let’s consider an directed graph G1 and G2 (Fig. 1). 

 
Figure 1. Directed graphs G1 and G2 

 
The adjacency matrix for graph G1 can be given by the following table [5]: 
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or in the usual matrix form [6] 

A(G1) =

⎝

⎜
⎜
⎜
⎛

1 1 1
0 0 0
0 0 0

0 1 0
0 0 0
1 1 1

0
0
0

0 1 0
0 0 0
0 0 0

0 0 1
0 0 1
0 0 0

0
1
1

0 0 0 0 0 0 1⎠

⎟
⎟
⎟
⎞

. 

Deleting a vertex from a graph entails deleting all edges incident to it, which 
results in deleting all connections of this object or node to other objects or nodes [8]. 
This means that when deleting a vertex vi from the adjacency matrix, the i-th row and 
i-th column must be deleted. In this regard, the algorithm for performing the operation 
of deleting a vertex vi from a graph in a matrix representation is similar to the algorithm 
for constructing a minor Mii for the adjacency matrix of this graph. For example, 
suppose that we want to delete vertex v4 from graph G1. This is equivalent to 
constructing a minor M44 for matrix A(G1): 

M44 =
�
�

1
0

1
0

1
0

1
0

0 0
0 0

0 0 0 1 1 0
0
0
0

0
0
0

0
0
0

0
0
0

1 1
0 1
0 1

�
�
. 

Therefore, the new graph G1′ = G1\{v4} will have the adjacency matrix 
corresponding to it 

A(G1′ ) =

⎝

⎜⎜
⎛

1
0

1
0

1
0

1
0

0 0
0 0

0 0 0 1 1 0
0
0
0

0
0
0

0
0
0

0
0
0

1 1
0 1
0 1⎠

⎟⎟
⎞

 

The algorithm for deleting rows and columns from a matrix has already been 
computerized. In this case, the software implementation will involve performing two 
shifts: for rows and columns. For a graph without isolated vertices, it is advisable to 
perform this operation using the adjacency matrix. 

In the adjacency matrix, the sign of an isolated vertex is the presence of a zero 
row and column of the same name. In the incidence matrix, the sign of an isolated 
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vertex is the presence of a zero row. Therefore, if the vertex to be deleting from the 
graph is isolated, then in this unique case it is more convenient to perform this operation 
using the incidence matrix. When a zero row is deleting from the incidence matrix, no 
connection between other vertices (objects or nodes) is broken. Therefore, there is no 
need to track the appearance of columns that, after deleting this row, will contain only 
one unit, which is not permissible for the incidence matrix [3]. Using the incidence 
matrix when deleting an isolated vertex halves the program implementation (there is 
no need to delete a column at the same time, and there will also be only one shift). 

Deleting one edge involves the disappearance of a single edge (connection or 
relation) from the graph while preserving all vertices (objects or nodes) and the 
remaining connections between objects [4, 8]. Thus, only those elements in the 
adjacency matrix that correspond to the edges that are being deleting are changed. The 
remaining elements of the adjacency matrix retain their values. The order of the matrix 
also remains the same, because no vertex disappears from the graph as a result of 
deleting an edge. When a directed edge is deleting, only one element of the adjacency 
matrix is reducing. When an undirected edge is deleting, a pair of symmetric elements 
of the adjacency matrix undergo the same changes. 

Let it be necessary to delete a certain number of lij− edges between vertices vi and 
vj. Therefore, to perform this operation, it is necessary to perform the arithmetic 
subtraction of the matrix Ae

− from the adjacency matrix of the initial graph. In the 
subtractor matrix Ae

−, the elements corresponding to the edges being deleted will be 
equal to lij−. The remaining elements of this matrix will be zero. 

Consider, for example, the graph G2, to which the adjacency matrix corresponds 
in tabular form [5] 

 
or in the usual matrix form [6, 7] 

A(G2) =  

⎝

⎜
⎜
⎜
⎛

1 1 0 0 1 0 0
0 0 1 0 0 0 0
0 0 0 0 1 1 0
0 2 0 0 0 0 0
1 0 0 0 0 0 0
0 0 0 1 0 1 1
0 0 0 0 1 0 1⎠

⎟
⎟
⎟
⎞

. 

In this matrix there is a pair of symmetric elements a15=a51=1. These elements 
correspond to a pair of oppositely directed edges, which can be replaced by a single 
undirected edge. Suppose that this undirected edge needs to be deleted from this graph. 
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Suppose that in addition, one of the strictly parallel directed edges from vertex v4 to 
vertex v2 needs to be deleted from this graph. This means that in the matrix Ae

− only 
the elements l42− =1 and l15=l51=1 will be non-zero. Therefore, to calculate the 
adjacency matrix of the graph 

(G2)′ = (G2)\{e�⃗ (v4, v2)}\{e(v1, v5)} = 
= (G2)\{e�⃗ (v4, v2)}\{e�⃗ (v1, v5)}{e�⃗ (v5, v1)} 

(the notation e�⃗  means that this edge is directed) can be obtained by performing the 
following arithmetic subtraction: 

A(G2) − Ae
− =

⎝

⎜
⎜
⎜
⎛

1 1 0 0 1 0 0
0 0 1 0 0 0 0
0 0 0 0 1 1 0
0 2 0 0 0 0 0
1 0 0 0 0 0 0
0 0 0 1 0 1 1
0 0 0 0 1 0 1⎠

⎟
⎟
⎟
⎞
−

⎝

⎜
⎜
⎜
⎛

0 0 0
0 0 0
0 0 0

0 1 0
0 0 0
0 0 0

0
0
0

0 1 0
1 0 0
0 0 0

0 0 0
0 0 0
0 0 0

0
0
0

0 0 0 0 0 0 0⎠

⎟
⎟
⎟
⎞

= 

=

⎝

⎜
⎜
⎜
⎛

1 1 0
0 0 1
0 0 0

0 0 0
0 0 0
0 1 1

0
0
0

0 1 0
0 0 0
0 0 0

0 0 0
0 0 1
1 0 1

0
1
1

0 0 0 0 1 0 1⎠

⎟
⎟
⎟
⎞

= A((G2)′). 

The software implementation of this operation is much simpler than its algebraic 
justification. To perform it, it is enough to reduce the corresponding elements of the 
adjacency matrix of the initial graph by the values lij−. 

The operation of inserting an edge into the graph is the inverse of the operation of 
deleting an edge. When inserting an directed edge, one element of the adjacency matrix 
is expected to increase [8]. When inserting an undirected edge, a pair of symmetric 
elements of the adjacency matrix undergo the same changes. Let's say that between 
vertices vi and vj it is necessary to add a certain number of lij+ edges. In the software 
implementation, the corresponding elements of the adjacency matrix of the initial graph 
are increased by the specified value. The algebraic implementation of this operation 
involves the arithmetic sum of two matrices. One of the terms is the adjacency matrix 
of the initial graph. In the second term Ae

+, the elements corresponding to the new edges 
are equal to lij+. The remaining elements of the second term are zero. 

Suppose, for example, that it is necessary to introduce into the graph G1 two 
strictly parallel directed edges from the vertex v2 to the vertex v4 and one undirected 
edge between the vertices v3 and v7. This means that in this case l24+ =2 and l37+ =l73+ =1. 
Then the adjacency matrix of the graph 

G1′′ = G1 + 2 ∙ {e�⃗ (v2, v4)} + {e(v3, v7)} 
can be obtained by performing the following arithmetic sum: 
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A(G1) + Ae
+ =

⎝

⎜
⎜
⎜
⎛

1 1 1
0 0 0
0 0 0

0 1 0
0 0 0
1 1 1

0
0
0

0 1 0
0 0 0
0 0 0

0 0 1
0 0 1
0 0 0

0
1
1

0 0 0 0 0 0 1⎠

⎟
⎟
⎟
⎞

+

⎝

⎜
⎜
⎜
⎛

0 0 0
0 0 0
0 0 0

0 0 0
2 0 0
0 0 0

0
0
1

0 0 0
0 0 0
0 0 0

0 0 0
0 0 0
0 0 0

0
0
0

0 0 1 0 0 0 0⎠

⎟
⎟
⎟
⎞

= 

=

⎝

⎜
⎜
⎜
⎛

1 1 1
0 0 0
0 0 0

0 1 0
2 0 0
1 1 1

0
0
1

0 1 0
0 0 0
0 0 0

0 0 1
0 0 1
0 0 0

0
1
1

0 0 1 0 0 0 1⎠

⎟
⎟
⎟
⎞

= A(G1′′). 

Therefore, for each considered unary operation on graphs and each type of graph, 
it is possible to propose a series of some arithmetic operations that allow obtaining the 
matrix of a new graph or a clear, easily programmable algorithm for transforming the 
matrices of the initial graphs. 
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